Hidden order may arise in strongly correlated systems even if there is an apparent lack of long-range order as measured by local order parameters. This phenomenon has been essentially associated with topological order in quantum systems. Here, we demonstrate the emergence of hidden order in a 1D non-linear classical mechanical system that supports rotational degrees of freedom. The potential energy of the model system creates a bistable system for which hidden order emerges with the introduction of a biquadratic term. To our surprise, we discover that varying the strength of the biquadratic term leads to four distinct phases quantified by the behaviors of the Néel and string order parameters. Three of these phases are locally disordered. Hidden order is identified by a string order parameter that shows correlations with significantly longer range than the Néel order parameter. The hidden order correlation length diverges as the kinetic energy of the system is lowered with a critical exponent ~0.5. The observation of hidden order in a mechanical system reveals that instability and non-linearity may play critical roles in the generation of nonlocal long-range correlations in apparently locally disordered systems.
Introduction
Recently, analogies have been drawn between wave behavior in elastic media and quantum phenomena [1] . For instance, acoustic and elastic analogues of topological insulators have been demonstrated [2] [3] [4] . While topological insulator-like acoustic/elastic systems essentially associate with linear band structure characteristics, another form of topological phenomenon may result from strong correlations and nonlinearity, namely topological order. Topological order is a phenomenon observed in strongly correlated quantum many-body systems [5, 6] . One attribute of topological order in quantum matter, such as the Haldane phase in spin-1 chains, is their apparent lack of long-range order (i.e. local order parameters have the characteristics of disordered liquids) but they actually exhibit long-range correlation patterns [7, 8] . In elastic systems, geometry and/or nonlinearity can be sources of order or disorder. Geometric frustration in a two-dimension acoustic network of waveguides can give rise to disordered configurations [9] . However, buckling can induce complex ordered patterns in statically loaded geometrically frustrated triangular cellular structures [10] . Here, we report a one-dimensional (1D) non-linear elastic dynamical system which potential energy allows buckling and then examine the consequences of including a biquadratic term. With this inclusion the system now supports locally disordered phases. Quantification of order through local and nonlocal order parameters provides evidence for the existence of a nonlocal hidden order reminiscent of that observed in topological phases. In particular, we reveal a hidden nonlocal string ordered (SO) phase analogous to that identified in quantum magnetic systems [11] .
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(3)
We choose B − 2A > 0 so that the potential energy of the system displays bistability for positive and negative values of θ i . We now introduce a nonlinear term which when combined with the first term of equation (3) resembles the AKLT extension of the 1D Heisenberg spin model [12] . This model system can be understood physically as a nonlinear elastic system.
(4) The first term of equation (3) represents the lowest-order contribution to the potential energy of a 1D block-spring model that supports rotational motion. This model is based on a discrete linear 1D micromechanics model that includes rotational degrees of freedom, θ i [13, 14] . This model consists of an infinite chain of square block elements which opposite corners are connected via harmonic springs (see figure 1) . The other two terms of equation (3) represent contributions to the potential energy of articulated arms under an axial load and a torsional spring located at each articulation, respectively. In this mechanical interpretation of equation (3), each block is attached to the articulation of the arm. Since, an arm can undergo sideways deflection or buckling, the orientation of the corresponding block exhibits bistability [15] . For the sake of simplicity, we assume that the arm can move laterally to maintain a constant distance between blocks thus neglecting the dynamics of displacements. The first term in equation (1) favors an antiferromagnetic-like arrangement of the orientations i.e. angles with alternating signs along the lattice. The biquadratic term,
may be visualized as resulting from a feedback mechanism which modifies the stiffness of the torsional spring associated with block 'i + 1' based on the magnitude of the angular variable of the preceding block 'i', namely K(|θ i |). An experimental system using magnetoelasticity [16] or photoelasticity [17] could potentially be used to realize this combination of bistability and nonlinear feedback. The biquadratic term can push the system away from the antiferromagnetic-like arrangement depending on its strength, D.
We now introduce the Lagrangian,
, from which one can derive the model system dynamical equation:
In equation (5), I, is the moment of inertia of a block. For the reference system, E 0 , the equilibrium orientations of the bistable arm ±θ c are given by the condition (B − 2A) θ c = C sin θ c . Considering small deviations about an antiferromagnetic-like state: θ i+1 = ±θ c + δ i+1, θ i = ∓θ c + δ i , and θ i−1 = ±θ c + δ i−1, the first term in equation (5) would reduce to the small deviation limit −A (δ i+1 + 2δ i + δ i−1 ).
Results
We investigate the model system with the biquadratic term, E , by solving equation (5) numerically. There exist sets of parameters {I, A, B, C, D} for which the nonlinear elastic system exhibits a number of 'phases' which will be subsequently characterized through order parameters.
In particular, we consider the following parameters:
with d = D/I taken as a variable. With these parameters, θ c = 2.76 radians. Equation (5) is solved using the conventional Verlet's algorithm with a small time integration step of ∆t = 2.5 × 10 −2 s guaranteeing energy conservation for all the conditions studied here. The initial conditions are chosen to be an antiferromagnetic-like arrangement of angular degrees of freedom with small random deviations
where r is a random number between −1 and 1. The system contains 11 000 subsystems and periodic boundary conditions are used to avoid free ends such that it is in the large system limit. Simulations are performed using 3.1 million time-integration steps. The system is annealed by following the standard protocol of velocity rescaling i.e. by decreasing the angular velocities of the blocks by factors of 10 at 2, 2.5, 2.7, 2.8, 2.9, 2.95, and 2.975 million steps. The annealed structure is analyzed using the usual Néel order parameter and the string order parameter of den Nijs and Rommelse [18] . These are calculated as:
In equations (6) and (7) we have discretized the continuous angular variable as follows effectively correlation functions that measure the relative order between different sites. These correlation functions are most pertinent to characterize topological phases with longrange correlation patterns.
To aid in the analysis of the states of the simulation, we introduce three classifications for consecutive blocks which may have alternating signs (AS), e.g. +− or −+, same signs (SS), e.g. ++ or −−, or contain a zero (ZS), e.g. 0−, 0+, etc. Note that for the pure Néel ordered state all consecutive blocks have AS ordering.
We figure 2(a) ). The unannealed system supports wave-like excitations which correspond to small deviations from the perfect antiferromagn etic-like order. This phase will be denoted the AF phase.
where d 2 ∼ 0.0045 s −2 , the annealed structure has antiferromagnetic-like character but now supports SS type structural features (see figure 2(b) ). These are two adjacent sites with θ i =θ i+1 = ±1 . These features may be represented by the figure 2(b) ). This phase does not support θ k = 0 states. The system is not Néel ordered as the SS features appear to be randomly distributed along the 1D system. The antiferromagnetic-like correlations appear to be short ranged (as seen in figure 3(a) ) and O Néel = O String . This phase is similar to a spin liquid with only short-range correlations; we denote it the SL phase.
, the annealed structure supports very few SS type features but exhibits a number of ZS type sites. The number of zero sites increases with increasing value of d. Remarkably, there is some level of correlation between non-zero sites separated by a zero ( figure 2(c) ). In particular, the antiferromagnetic order appears likely to be conserved across zeros, that is one can represent these states by sequences of the form − + 0 − + or + − 0 + −. This level of correlation is apparent in figure 3(b) where O String > O Néel over an extended range (~40 sites). There is hidden order over this range extending well beyond the Néel correlation that O String reveals. This phase does not display infinite long-range order as in the AF phase but there is string-like correlation over quite significant finite distances. Two types of additional structural features appear to be responsible for the finite range of string correlations, namely a few rare SS features and ZS features separated by one non-zero site which appears to break the AF order. These latter features may be represented for example by sequences of the form − + 0 + 0 + −, + − 0 − 0 − + or − + 0 + 0 − +. We denote the phase with strong string correlation the string ordered (SO) phase. In a squeezed space, constructed by removing all sites with a '0' from the chain, the system would exhibit finite-range antiferromagnetic order. When d > d 3 , the system contains enough zeros separated by one non-zero site to break the string-like order. This type of structure is illustrated in figure 2(c) . This structure is constituted of short segments composed of + 0 + The Néel and string order parameters indicate the symmetries that are preserved or broken in the various identified phases. The example of the AF phase is a breaking of the translational symmetry of the system indicated by the nonzero value of the Néel order parameter. In the AF phase, if we know the sign of θ i , then we also know the sign of θ i+1 and the signs of all angles in the system, hence the system is ordered and Z 2 symmetry is broken. Further, if we know the signs of θ i and θ j , then we know the signs of all angles in the system as evidenced by the non-zero value of the string order parameter and Z 2 × Z 2 is also broken. As the b parameter is increased, the system enters the SL phase where the Néel and string order parameters go to zero with distance and the Z 2 and Z 2 × Z 2 order is short range. In the SL phase, the two order parameters are practically equal so that the two types of order are of similar range. In the SO phase, the string order parameter exceeds the Néel order parameter for some distances, so that the Z 2 × Z 2 order, while still local, is at larger distances than the Z 2 order itself. This disparity is what we refer to as the hidden order in our mechanical system. Finally, the D phase shows a rapid decrease of both the Néel and string order parameters to zero with distance showing that both the Z 2 and Z 2 × Z 2 symmetries are not broken.
The effect of the magnitude of the kinetic energy of the system on the SO phase is illustrated in figure 5 . The reduced kinetic energy is defined as
. The annealing protocol used to generate the SO phase given in figure 2(c) (d = 0.005) leads to KE * ∼ 6.95 s −2 with small fluctuations resulting from conservation of the total energy. To achieve higher values of the kinetic energy, factors smaller than the factor of ten used previously are employed to decrease the angular velocities of the individual blocks at 2.95, and/or 2.975 million time steps. However, to achieve values of KE * less than 6.95 s −2 , we employed the standard angular momentum rescaling scheme which is imposed every time step after 3 million time steps. The total length of the simulation is therefore increased to 3.2 million steps to allow for additional relaxation time at low kinetic energy. In figure 5(a) , we report the string order parameter (d = 0.005) as a function of distance averaged over four annealed structures for nine values of KE * . In all cases, for all values of the kinetic energy, the number of sites supporting a zero remains reasonably consistent within 10% ± 1% of the total number of sites. As the kinetic energy is lowered, disorder is lowered and the range of string order expands. We calculate a string order correlation length, ξ, by fitting O String as a function of distance (l, in units of unit block or site spacing) to the exponentially decaying correlation function, figure 5(b) . We note that the prefactor O 0 depends only very weakly on the kinetic energy. The correlation length appears to diverge as KE * decreases. We fit this data to a power law of the form ξ (KE * ) = ξ 0 (KE * ) −ν and find ξ 0 = 42.3 and a critical exponent ν = 0.48. This fit suggests that there is no critical kinetic energy and therefore no phase transition at finite kinetic energy. The critical exponent approaches the value of ½. 
Conclusions
In summary, we have numerically studied a nonlinear dynamical mechanical system which exhibits four phases with respect to the Néel and string order parameters as a function of the strength of a biquadratic potential energy parameter, d. When this parameter is zero the signs of consecutive angles alternate, a phase similar to the antiferromagnetic order familiar in some magnetic materials. As d increases the perfect AF order is no longer evident at all distances but is only now a local order evidenced by the Néel and string order parameters which show agreement for this SL phase. As d again increases there is a range of parameters for which the Néel and string order parameters differ as a function of distance, the SO phase. Finally, at larger d, the system enters the D phase as both order parameters go to zero rapidly with distance.
The SO phase shows a type of hidden order as the string order parameters accounts for the correlation in the sign of two angles that are separated by a given distance. The range of correlation of the string order parameter increases with decreasing kinetic energy.
Examples of topological phases in classical systems have been known for some time. For instance, long-range order and topological order as well as their loss via Kosterlitz-Thouless transition have been discussed extensively in the context of melting in two-dimensions [19] [20] [21] [22] [23] . Similar behaviors have also been observed in a 2D photonic lattice using nonlinear optics [24] . However, the type of hidden order reported here has not previously been observed and quantified in a 1D dynamical mechanical system. The capacity to find classical behavior analogous to the hidden order that leads to quantum topological phases of matter opens new avenues to investigating these remarkable emergent phenomena. For instance, the extension to 2D frustrated mechanical systems is of prime interest. Our model marks a first step toward the theoretical and possible experimental study of emergent topological order in nonlinear mechanical systems defying characterization via local order parameters analogous to spin lattice systems.
